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Pre-requisites for this course

Linear Systems Theory

1. Controllability, Observability
2. Genera Observer Theory

- Digital Techniques

1. Digital filter design (e.g. Butterworth) and implementation
considerations)

2. Sampling considerations

3. Implementation of compensators, issues of finite word length
coefficient representation, and rounding errors

The course will assume that you are already very familiar with these
topics.
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A simple adaptive control problem

(Narendra& Annaswamy, pp.111-114)
(Astrom & Wittenmark, pp.126-127)

Consider a system to be controlled
y=Gyu
with transfer function

kp
S-a

Gyy () =
p

In timedomain
(p- ap)y(t) =kpu(t)

where we use the notation

il
P dt

for the differential operator.

Thus

y(t) =ap y(t) + kpu(t)

We usually refer to the system to be controlled as the “plant”.

S. Ge

(1)
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Control Objective:

Drive y(t) to follow some reference command trajectory
Ym(t)

For example, y,(t) may be generated by areference system

Ym(t) = amYm(t) + Kpr(t)

an <0, i.e. stablereference moddl.
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Consider a control input of the form

ut)=q y@) +kr()

Then, the plant together with control (the closed-loop system) is

y(t) = apy(t) +Kko{q y) +K'r (1)}
= (ap +kpd )y(t) +kok r(t)

then

y=amny +Knyl

and the plant together with the control will match the reference model
exactly because

€= Ym- Y, €=ane

PROBLEM: Wedonot know ap and kp!
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Adaptive Control: Find away to achieve this automatically.

Estimate a, and k, on-line, and try to use these estimates;
(Will work most of the time); and

Use a rigorous procedure to “evolve’ to the right values (Very
powerfull but applies only to restricted classes).
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In the course we will look at both types of approaches.

For now, let us consider the rigorous approach.

Sinceq’, k not known, consider instead

u(t) =q(t)y(t) + k(t)r(t), Time-varying controller gains!

How to choose {q(t),k(t),tT [0,¥)}?

Adaptive law
q(t) =- son(kp)gst) y(t):; 9, >0
k(t) = - san(kp)g2e(t)r (t); 92>0

(Nonlinear updating mechanisms!)

Thus, adaptive controllers contain both time-varying and nonlinear
dynamics!!
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Because of the NLTV characteristics, anaysis and design usually
difficult.

For this system, consider the quadratic form (recall your 3 year
mathematics!)

Vefy) :%[e2 +‘kp‘(gi1f ?+g5y 2)]
with

e=Y- Ym f=g-q, y=k-k

Re-memberingthat ¢ and k™ are constants

f=q-q =-sn(ky)gey
y =k- K =-sgn(k,)g,er
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Note that
Reference Modd!:
Ym = amYm *+ Knf
Plant:
y=apy+kou=apy+kgy+Kkpkr
=apy +kpf +q7)y+kply +K)r
=(ap +kyd )y +kfy+kyr +kpkr
we have

e=y- Ym=ane+tkfy+kyr

Consider derivative of quadratic form V
V =eet |k, llor ¥ +g5Yyy |
=ane? +k,f ey +koy er- [k |[son(k,)f ey +son(k, )y er]

= ame2 £0

Collecting together the intermediate results:

Quadraticform V(efy) :%[e2+|kp |(9i]f 2+05Yy 2)]

resultsin V =a,,e® £0

This means that
e’ isbounded, f 2 isbounded, andy 2 isbounded
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D *
f(t)=a(t)-q

D *
y (1)=k(t)- K

\ g (t) and k(t) are bounded

D

e(t)=y(t) - ym(t)

Ym(t) isareference signal, and obviously bounded
\ y(t) isbounded

V(e f,y) postive definite

V =a,e? £0
\ V isbounded over al time

E‘)\/(e(t),f (t)y (©)dt = E‘)ﬁlme2 (t )dt
0 0

t
b -amgez(t )dt =V(e(0),f (0),y (0))- V(e(t),f (t)y (1))
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Since V (e(t),f (t),y (t)) isaways bounded,

t
lim c‘)ez(t)dt £ ¢ aconstant
t® ¥

u e=apet+Kkpyfy+kpyr
\  ¢(t) isbounded" t

bounded j

e

¥ |, : _
| mz(t)dt £C_|_yp lime(t) =0
0

t® ¥

l.e. limyy(t) - t)r=0
lim{y(0)- ym(®}
The adaptive controller achieves the designed objective!

Rigorous analysis of adaptive control istypically as difficult.
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Summary

Plant: y(t) =ap y(t) + kpu(t)
Reference Modd: y,(t) = a,,ym(®) +kr(t); ap, <0
Control Law: u(t) =q ) y(t) + k(t)r(t), Timevarying

AdaptiveLaw: g (t) = - sgn(kp)gae(t) y (1)
K(t) =- sgn(kp)g2e(t)r ()

e(t) = y(t) - Ym(t)
g(0) =k(0) =0, Arbitrary starting gains

Result:
If the adaptive controller is applied to the plant, then all signals
{y, u, g, k} are bounded and Igg[y(t) - ym®]=0

t
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A user-friendly picture

Gm

—»  Mode ¢
Regulator parameter

Adjustment

p  Mmechanism 4

r v u

T > Regula »  Pat

egulator

Figure 4.1 Block diagram of a model-reference adaptive system
(MRAYS)
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L yapunov’s Direct Method

® Enablesone to determine whether or not the equilibrium state
of system

x=f(xt) (2.1)
IS stable without actually determining the solution X(t; Xg, tg) -

® [nvolvesfinding asuitable scalar function V(x,t) and examining
itstime derivative V (x,t) aong the trgjectory of the system.

We will only need one result from this method, which we will state
without proof.

Theorem (Uniform Stability)

Assume that a scalar function V (x,t), with continuous first partial
derivativesw.r.t x andt, exists and that V(x,t) satisfies the
following conditions:

(i) V(x,t) is positive-definite, i.e.,$ a continuous non-
decreasing scalar functiona suchthat a(0)=0 and

V(xit)3a(x)>0 "tandal x* O;
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(i1) V(X,t) isdecrescent, i.e., $ acontinuous non-decreasing
scalar function such that b (0) = 0 and b ([x|) 3 V(x,t) for
al t;

(i) V (x,t) is negative semi-definite, i.e.,

V(xt) = % +(RV)T £ (x.1) £0

(iv) V(x,t) isradial unbounded, i.e.,
a(x)® ¥ as |x|® ¥
then

(@ (i) and (iit) imply that the origin of differential equation (2-1)
isstable;

(o) (1), (@) and (iii) imply the origin of d.e.(2-1) is uniformly
stable;

(c) () - (iv) imply that the origin of d.e. (2-1) is uniformly stable
in the large.
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LTI System and Lyapunov Stability

Consider
X = AX; X(tg) = Xg

Theorem 2-2 (Narendra.....)

All solutions of the above equation tend to zero as t ® ¥ if and
only if all the eigenvalues of A have negative real parts,

Such amatrix A isreferred to as an asympototically stable matrix.

Theorem 2-10 (Narendra, ...)

The equilibrium state x=0 of the LTI system
X = AX

Is asymptotically stable if and only if, given any symmetric positive
definite matrix Q, there exists a symmetric positive definite matrix

n(n+1)

P which is the unique solution of the linear equations

ATP+PA=-Q

Proof: See Narendra & Annaswamy pp.60.
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Stahility theory, in generd, isavery widefield.

See Narendra & Annaswamy, Chap.2 for a more comprehensive
overview.

We have only summarized the concepts and results that we need
for adaptive control.
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Adaptive control of plantswith all state-variables measurable

(A smilar treatment can be found in Narendra and Annaswamy
pp.128 ff. However, note that some aspects are different.)

Assume that the plant is described by

Xp = ApXp + gbu

AN T Al
xpl A", ul A
Ayis(n” n),bis(n” 1)
b isknown

Thisis possible in many situations.
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Example 2.1: b is known

y:GWu

_ g
Gyu (S) - 2
s“+aS+a,

Assume that position and velocity measurements are available.

Then, asuitable state-variable descriptionis

=Y
X1 =X
Xo=y=-qXy- ap¥ +au

or
equ_e0 1 @éX1@+g§03u
. U~ é
gsz € d - angXzH iy
Ou .
Thus b= 81‘3 Is known exactly.
u
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Consider plant:
Xp = ApXp +gbu (1)

Non-adaptive case:

* 1 *
U=Qx Xp T, r (2)

N |

Then
u

, —éA +ab «T +b( *)
Xp—é p T 9bqy pr aq,

Assume that for these * values, the feedback control (2) achieves
model matching in the sense that

-l , u
Aptgbay ° Ay (n n)ly

9, ° g scalarf

M atching conditions

Thus, control gains g1 A", and g, T A exist to guarantee that
the closed-loop system match the reference model

Xm = AnXm + gmbr
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Example 2-1 (continued)

Choice of reference model

For example, the following might be desirable

Y = Gymrr
2
Wn

Gy r(8)=
Yl % + W S+ W2

unity steady-state gain
speed of response defined by natural frequency wi,
damping specified by damping coefficient x

State-variable form

&Xymi_ & 0 L WXl &0

A x
gXZmu eW 'ZXWanXZmu n&u
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Title:

a:step.eps

Creator:

MATLAB, The Mathworks, Inc.
Preview:

This EPS picture was not saved
with a preview included in it.
Comment:

This EPS picture will print to a
PostScript printer, but not to
other types of printers.

| mpulse Response

Title:

aimpulse.eps

Creator:

MATLAB, The Mathworks, Inc.
Preview:

This EPS picture was not saved
with a preview included in it.
Comment:

This EPS picture will print to a
PostScript printer, but not to
other types of printers.

S.Ge
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Adaptive Case:

To adaptive match the reference model, consider the control law

u(t) =d, (t)x, () +a, )r ()

Define parameter errors

D *
fy(t)=0ax(t) - qx

D *
f r(t) :qr(t) - qr

Then, the control law applied to the plant resultsin

Xp = ApXp + g Xp 0T}
V' *T \
gAp + gbq, Exp +gbf ; x, +gbg,r

= ApXp, + gbf X, +gba, r

Compared with
Xm = AnXm + gmbr
= AmXm + gba, 1

where g, = 0q; .
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Consider state error

e=Xp - Xm
Then

e=A,e+ gbflxp+gbfrr
= A e+gbf Tx

where

I O
c

~
Ve

Il O
Q\
©
o ey el

X

g
&

f

oo
X
1>

For areference model, A, must be chosen to be a stable matrix.

Thus, it satisfies the Lyapunov equation.

AnP +PAy =-Q

l.e, for any symmetric positive definite matrix Q, there exists a
symmetric positive definite P satisfying the above equation.

(From Linear Systems theory, or see Narendra & Annaswamy
pp.60)
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Consider a Lyapunov function candidate

V(e).f (1) =ett) Pet)+|glf () G (1)

where

Gisasymmetric positive definite (s.p.d.) matrix

We will sometime write V (e(t),f (t)) as V(t) for short.
Evaluate V along the trajectory of the system

V =2e"Pe+2gf TG
=2¢' P{Ame+ gbf Tx}+ 2|gff Tc¥
= 2e" PAe+2ge' Pbf " x+2/gf "G
:eT(ALPT + PAn)e+ 2ge' Pbf "x+2gff "G
=-e'Qe+2ge’ Pbf "x+2gf TG ?3)
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® - ¢e'Qe temaways£0

® Usethedesign

&Ll
G =g*g=- sn( g)oe’ Pb
dr 0
and note that
f=q-q°, b =g

Equation (3) becomes

V =-e'Qe+2ge Pbf "x- 2|g|son( g)f Txe' Pb
=-e'Qe£0

S.Ge
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We can go through a similar analysis to show that
. V(t)is positive definiteand V (t) £0 bV (t) is bounded

g

f

| (hence |q]) arebounded

€ 1S bounded

T
oe Qedt £¢
0

imid=0 Gty 5ol <0

S.Ge
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Summary
Plant
Xp = ApXp +gbu

with x, 1 A" measurable, and b known

Matching Conditions

S.Ge

AlP+PA =-Q ChooseQ sp.d., CalculatePsp.d.

Ay +abay = Ap
9d; =9
Reference Model
Xm = AmXm + gmbr
Control Law
u(t) =, ©Xp(t)+a, O ()
Adaptive Law
€= X, - X
g.:gz - sgn(g)G%XrIO QeT Pb

Result: All signals{x,,d.q, } are bounded, and lim

o - Xl = 0
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Exercisel

Consider theplant y =Gy,,u

where

Gyu(9) = —5—
S*+aS+a,

with  a, =0, a, =1,y andy measurable.

Design an adaptive controller to match the reference model
Y = Gy iy

m
2
Wn

Gy r(s)=
Yl s% + 2XW ;S +w§

with w, =2 rad/sand x =0.9.

Simulate and verify your design usng MATLAB.



Adaptive Control - 31- S.Ge

Incorporation of integral control with all state variables
measur able

Plant:
Xp = ApXp + gbu
y:xlz[]_ o --. O]Xp

Matching condition:
«T
Ap tabay = Ay

Integral control can be incorporated easily. Consider an additional
State

X| =y-r

t
r(t) isthereferencesignal and x; =¢(y- r)dt
0

Then, augmented plant

eXpu e Ay Ouéxpu, 0

é
+I\
&
exlu 810 .0 OHeX|H &u &1

U
il
1



Adaptive Control - 32- S.Ge

Consider

*T *
U=0qyx Xp QX

The closed-loop system is

N *1
?Xpt,j:gAp'ngCIx gbq, ueXpu_I_?Ou

(i
&8 81 0.0 o gxll &l

Thus, an additional matching condition is

é x 1
&Ap + gbay gbqlu Am
gl 0..0 0 g

and
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For the corresponding adaptive controller, consider

ut) =ay ()" xp () +a; (t)x (1)
and areference mode

S.Ge
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Define
Xp:@"‘g
X g
For e= Xp - Xm, we have
éb
A om 8 U T
e—Ane+gé..uU(fxxp+f|x,)
eog
= A.g+gbf Tx

Clearly, it isnow awell-known error equation, and

chi
b=%.Y isknown

&0

g0g

as b isknown.

The adaptive law should be

AP +PAy=-Q

1st choose Q, 2nd calculate

|

S.Ge
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Adaptive control with all state-variables measurable:
I ncor por ation of integral control

Example

Consider aplant

Yp =apYp +Qu

To incorporate integral control, we know we must augment the
state with

X| = yp -r
The state of the new “plant” (including the augmented variable)
IS

éxu_éa, Ouéxqu,6 élu é0u
&,U761 o, 09T e
20 €1 Oudxp u €1

with X ° y, and X =X
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The feedback control is of the form
u(t) =q1(t)xq(t) +a2(t)xx(t)
(Refer to earlier notes.)

Consider constant gain feedback first. The plant with feedback is

ex u_@&p+gdy 9dx0exu, e0u
&, U~ é e, ué .u
&g & 1 0 B0 & 18

This means that the reference model used must have the form

€ LJ
gXZmu e 1 0 £x2ml(I

Thisisthe only class of reference model that can be matched
------- “matching conditions”.

The analysis then proceeds in the normal way.
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Exercise 2

Consider the plant y =G,,u

where

Cyu () = ;
S +tySt+tap

witha; =0, a, =1,y and y measurable.

Design an adaptive controller incorporating integral action.

Explain carefully how you choose the reference model to track.

In the limit as t® ¥, what is the equivalent relationship between
y(t) and r(t)?

(Expressthisin transfer function form.)
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Exercise 3: Proportional plusintegral adaptation
Consider the plant
y=apy+u
and the reference model
Ym = 8mYm+Tr
Then, the adaptive controller
€=Y" Ym
u=qy+r
qg=-ge g>0

will result in asymptotic tracking.

Astrom (pp.136,137) has suggested an adaptive law of the form

t
q(t) =-g1ye- gooy(t )elt )dt
0

Using the methods we have presented, analysis this adaptive law.

S.Ge
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Positive Real Transfer Function

Definition: A rationa transfer function H with real coefficients is
positivereal (PR) if ReH(s)>0 for Re s>0.

A transfer function H is dtrictly positive real (SPR) if H(s-e) is
positive real for somerea e>0.

Astrom¥s p129

S
3 V e T/Ty Narendras p65
> >

7 N

SPR S=g +e

PR

Kalman Yakuborich Lemma, Lemma 2.3 (Narendra¥a p66)

Given a scdar g3 0, a vector h, an
asymptotically stable matrix A, a vector
b such that (A, b) is controllable, and a
positive definite matrix L, there exist a
scalar >0, a vector g and a symmetric y =hx + 1 u
positive-definite matrix P satisfying 2

X= Ax+hu

ATP+PA=-qq' - eL
Pb- h=./gq
. . D1 1
if and only |fH(s):§g+h (sl- A b
is SPR.

(A/b,c,d) =(ADb, h,%g)
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Lemma 4-2 (Astrom pl129) isaspecia case of preceeding with
g=0

Positive real functions have been used extensively in network
anayss.

The use of the concept in adaptive control isrelatively recent.

A passive network (consisting only of inductance, resistance and
capacitance) is podstive red. If in addition, the network is
dissipative due to the presence of resistors, then the impedance
function is strictly positive real.

Viewed from redlization, any PR (SPR) impedance function can be
realized by a passive (dissipative) network.

(Narendra pp.63)

H :issaid to be passiveif $b1 R suchthat

t
<Hx,x>=(Hx)" xdt 3 b," tT R*
0

t
(<y,x>=¢y' xdt 3 b,"t] R")
0
When His a linear invariant operator, if H is passive, then H is
PR.

(Narendra pp.71)
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Continuous-time adaptive control using only input-output
measur ements

Theory of SPR function will be used to prove stability.

References. Narendra......Chapter 5
Astrom......... Section 4.5

Consider a system described by
Ry (p) y(t) =kpZp (P)u(t) D
where
po =

Ry(p)=p"+ap™ i+ +a,

Zy(p)=p™ +byp™ 4+ by

Ry, ismonic (i.e. leading coeff=1)
d@](Rp):n; deg(zp):m
Define “relative degree” n’

D

*

n =n-m (i.e. excess poles over zeros.)
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T(P)Rm(P) = Rp(P)E(P) + F(p)

deg(T)=n (@
deg(Ry,) =n'p

Design polynomials, chosen to
be stable, and monic

For given plant, i.e. R, and specified T and R,

E and F are unique, and

deg(E)=n", E monic, deg(F)=n-1

T(p)=p "+t p" +.+t, P+,
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Plant: Rp(P)Y =kpZ,(pP)u
ER,y =k,EZ U

TRy = Fy+k,EZ u=k,(Fy+Gu)

(F=— G=Ez, )
K
p

F G
RmY = Kp(y+—U) )

Notethat (a) Z, monic, and E monic, \ G monic;

(b) dey(G) =deg(Z,)+deg(E) =n

Accordingly, we have

where
Gu(p) = gip™t+gop™ i+ g,

Similiarly, we can write

F(p) = flpn-l"‘ fzpn_z +.o+ f
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Equation (5) then becomes
F G
=kp(=y+—u+u
Rmy IO(Ty = )

Define yfl:_l—%y, ult==u

q_*=[- fim forem from O G- gn,k*]T

n-1

w =[pmty"s, p2

and r(t) isthe set-point signal.

F * = f i *
ut)=- —y- —u+kr=-Fy1-Gult+kr
(t) A= y 1

Consider
G
T «T «T
=q W=qy Wy+Qy
Equation (7) becomes
Rpy=kpk'r
=Kyl for  kpk

Wy+kr

S.Ge

(7)

yiy p™ s pm AUt fl,rr

(8)
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The choice of the input (8) ensure that the plant with feedback
becomes

Rm(P)y(t) = Knyr (1)

In other words, the plant output will track a reference output
(reference model) given by

R (P) Ym (1) = K (1) P Ym __Km
R Rn(9)

Remember,

deg(Ry) =N’

R, isadesign polynomial you choose.

Example:
n’ Choice
n =1, Rm(s) = (s+anp)
Km = ams
n =2 R, (S) =s° + XW,S+W?
Ky =w2
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However,

while we can construct the signalsin w,

we do not know the desired controller parametersq .
Try using
u(t) =g (t) ' wi(t)
and adaptively determine g (t) in some way.
Thisis possible. Two separate cases:

(i) n =1, convergence proof easy (relatively)

(i) n" >1, convergence proof possible but very difficult
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Recall equation (7)

ety G
2
=k E@ gu k*rﬂ+kr+u9
PEET v P
k. Ba  w+KT +u®
P& q z

Control law:

u(t) =q ()" wt)
Define parameter error

_ D_ —
F(t)=q(t)-q

Then above becomes
Ry = Ko (T W (1) +K'r (1))
Comparing with reference model
RnYm = Kl =Kk
gives error equation
R = kgf (1) W (t)

D
where g =y - yp,.
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At this point, remembering n" =1 and deg(R,,) =n’
wehave R, (S) =s+a,, (stablereference model)

It is straightforward to check that

h—wm: km = km ;
r Rn(s)  s+an

K >0
IS SPR.

We will use this property together with the Ralman-Y akubovich
Lemmato prove stability and convergence of g(t) to zero.

However, we need first a state realization which includes

D
wt)=|py, pt 2y yh gyt g2y U“]T

as states (in order to prove boundedness of all state variables).
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Proposition 1: The vectorw(t) isthe state of arealization
(nonminimal) of the plant

RpY(t) =kpZ pu(t)
Pr oof:

Recall that, T = p" +t,p" 1 +...+t (p+t,

Tult =u (D
and clearly

Roy"™ =kpZu™ 2
Further, since deg(T) = deg(Rp,) = n, clearly
y=Ty'1 =Ty +0

=(T- Ry y™ +kyz u"t )
p p=p

Equations (1), (2) and (3) form the basisfor a 2n-dimensional
state representation of the plant.

From (1), we have

é ufl U é ufl U
—€ U= € Utb u
e ;o4 e . gt
e u e u
ep" utg  ep"lulg
where
AT—(?O I(nl)(nl) u and b, = 0l
=a =&
et -ty 8‘-
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This can be combined with (2) and (3) to give
d Ar Ay
—w()=g Zp (t)+ (t)
dt g)n'n AT QN uu
YO =[tn - @nth1- @1t - @0, .0 Kpbi, - Kb ()
The forms of the n° n matrices ARp and Akpzp should be

obvious. The above is a state redlization of the plant with w(t) as
the state.

QED



Adaptive Control - 51- S.Ge

Proposition 2:_For the state realization given previoudly, there

exist controller gainsq~ such that the closed-loop poles are at the
roots of the 2n degree polynomial TR,Z .

Proof:

Most of the materials have been introduced already. It only
remainsto put it into aformal basis.

Recall the Diophantine identity
TRy =R,E+F
and the plant equation
Rpy =kyZpu
From earlier, recall that our control law was
«T %
u=q w+Kkr (1)
and itisequivalent to
Fyh+Guh =k'r (2)
wih kpf =F.
[Why? B
p.44, u(t):q*Tw +k*r:-$y- %u+k*r b

F G . F G x
—yv+(1+Du=kKkr b —yv+—u=kr
Ty ( T) Ty T

]
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Observe that
TRnZ, =R,EZ, +FZ,
= Rpc_; +Z,F (3)
=R,G +kpZ,F

If the control law (1) or equivalent (2) is applied to the plant, we
have:

Plant: RpYy =kpZ,u
f f
Rpy * =KkpZpu™
= f =~ f
From (2) R,Gy" =k,Z,Gu"
_ Bl
= kpr{k r- Fy 1}
or
— — f _ *
(RyG +kpZ,F )y =kpk'Zpr
From (3) TRmZpyfl = knZ pr

i.e. the closed loop polesareat TR,Z .

In addition, if T and Z,, are stable, then the closed-loop transfer
functionis

Ry = Kyl

QED
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Corollary:

The reference model

Rin(P) Ym (t) =Ky (t) e, Ym _ Km
R Ry(s)

admits a 2n dimensional state-representation

W = AW, +bpr

_ T
Ym =W

Proof:

Straightforward by combining previous two propositions.

Note that:
RmYm = K" P W = Ym _ Km
=
r Ry
W, = ,?“wm + byl p W, = % KT (s - A) b
Ym =W
b

Km

W, =kh(sl - Ay) Yo, =—m
(sl - An) R,
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Stability Analysis
Use the 2n-dimensional state-representation

W = pr +bpu

y = Ccow
Consider
u=q(t)'w=q ()" w+k()r
="+t @ wc +f r
Then, C.L.

*T A *
vv:gAp+bpq 3N+bp(fTW+fkl’)+k D!
2
y = Cpw

For the exact valuesq ",k , the plant with feedback matches the
reference model,

«T x
A,+bd  =A,  kby=h,
and c, =cy,
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Consider now the state error
D

E=W-Wpmn, € =Y-Ynm

Then

b

. 1, 1
e=Ae+—b.f W

Ar K m{ T\
Kk

& =Cp[sl - Al

g=cle

Noting that (A.,,by,Cry) is astate representation of the reference
model, we have

1 Kk
Cn(S! - An) b =20
o . e 21, Ky
Thisisstrictly positivered, asis ¢l (sl - Ay) % By = Sl
Rm

Consider Lyapunov function condidate
V(ef)=e'Pe+f TG ¥
where

AnP+PAR=-Q

Then

V =-€ Qe+ 26" Pk—];bmf_TW +of TG
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e 0
Since $A 1 by, G - S SPR, K -Lemma ensures that
S
1
Pk—*bm = Cm

which means that
V=-e'Qe+2e"c, sgn(k")f "w+2f TG Y
=-e'Qe+2¢] yn(k" ) 'w+2F TG

q =f =- syn(k" )Gwe, =- son(k,,)Gwe, as ky, >0

we have
V=-€'Qe£0

Thus

@ |

e ] (hence

(b) e bounded, f‘)e(t )" Qe(t )dt £¢;
0

. [a}) are bounded;

\ lime(t)=0
t® ¥
P lime(t)=0

t® ¥
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Casen =1, Summary
Pant:
Rpy=kyZpu
Control:

D
W(t): pn'lyfl, pn- nyl’,,,’ yf]_, pn-lu f]_’ pn- 2uf1"_.’u f:|_’r]T

ut) =q ()" wi(t)

Adaptive law

Result: If
(@ order of Ry, n, isknown;
(b) Z, isstable polynomial;
() sgn(kp) isknown;

then the above system leads to y(t), u(t), g (t) bounded, and

lim (y(t) - ym(t))=0
t® ¥

S.Ge



